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Abstrat
An expliit mass formula is proposed for three ative neutrinos and their heavy sterile
(righthanded) ounterparts in the framework of seesaw mehanism. The formula orrelates
reasonably the experimental estimates for the solar ∆m212 and atmospheri ∆m
2
32 in the
ase of hierarhial spetrum m21 ≪ m22 ≪ m23 of ative neutrinos. The lightest heavy
neutrino is predited to be O(105) times lighter than the heaviest. An eient mass
formula, proposed previously for harged leptons, is realled and oordinated with the
new mass formula for neutrinos.
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As is well known, the bilarge form of neutrino mixing matrix
U =

 c12 s12 0− 1√
2
s12
1√
2
c12
1√
2
1√
2
s12 − 1√2c12
1√
2

 , (1)
where c12 = cos θ12 and s12 = sin θ12 are estimated to orrespond to θ12 ∼ 33◦, is globally
onsistent with all present neutrino-osillation experiments [1℄ for solar νe's and atmo-
spheri νµ's as well as KamLAND and Chooz reator ν¯e's [the negative result of the
Chooz experiment gives the upper limit s213 < 0.03 for s13 = sin θ13 that is negleted in
(1)℄. However, this form annot explain the possible LSND eet [2℄ for aelerator ν¯µ's
(and νµ's) whose existene (for νµ's) is expeted to be laried soon in the miniBooNE
experiment. Its negative result, onsistent with the form (1) of U , would exlude mixings
of ative neutrinos with hypothetial light sterile neutrinos, leaving us with the 3 to 3
mixing transformation
να =
∑
i
Uαiνi (2)
between avor and mass ative neutrinos, να = νe , νµ , ντ and νi = ν1 , ν2 , ν3. Here,
U = (Uαi) is given as in Eq. (1).
In this note we make the observation that in the neutrino mass spetrum as it is seen in
the present osillation experiments there may be some new numerial regularities. Even
if not understood theoretially yet, they may lead to a deeper insight in the neutrino
mass problem. Needless to say that, in the history of physis, observations of new nu-
merial regularities in energy or mass spetra of physial states often implied theoretial
disoveries (a famous example is the empirial Balmer formula for hydrogen spetrum).
We start with the neutrino 6× 6 mass matrix
(
0 M (D)
M (D) T M (R)
)
(3)
involving Dira and righthanded Majorana 3 × 3 mass matries, M (D) and M (R), and
aept the seesaw mehanism [3℄ leading to the eetive 3 × 3 mass matrix for ative
neutrinos of the form
1
M = M (D)
1
M (R)
M (D) T , (4)
where M (R) is assumed to dominate over M (D). Here,
UTMU = diag(m1, m2, m3) (5)
with mi denoting masses of ative mass neutrinos νi. For simpliity, we will take M
(D)
and M (R) real (M (D) is always Hermitian and M (R)  symmetri), what is onsistent
with the real form (1) of U (then, UT = U † = U−1).
Suppose that the spetrum of M (D) is idential with the masses mei = me, mµ, mτ of
harged leptons ei = e
−, µ−, τ− (though M (D) is the Dira mass matrix for neutrinos),
and assume that
U †M (D)U = diag(me, mµ, mτ ) . (6)
Then, from Eqs. (4), (5) and (6) we get for the ative mass neutrinos νi the mass spetrum
mi =
m2ei
Mi
, (7)
where
1
Mi
≡
∑
αβ
U∗αi
(
1
M (R)
)
αβ
Uβi (8)
and Mi ≫ mei ≫ mi (with nonnegative mi). In partiular, if also the matrix U †M (R)U
is diagonal, then 1/Mi are eigenvalues of 1/M
(R)
, sine in this ase
U †M (R)U = diag(M1,M2,M3) , (9)
where Mi beome Majorana masses of heavy sterile (righthanded) neutrinos. In general,
however, 1/Mi given in Eq. (8) are average values of 1/M
(R)
in the mass states of ative
neutrinos.
Now, we an observe that the onjeture of the (weighted) proportionality between Mi
and mei, namely
Mi ∝ N2i mei , Ni = 1, 3, 5 , (10)
2
leads to the values of ∆m221 ≡ m22 − m21 and ∆m232 ≡ m23 − m22 onsistent with the
experimental estimates [1℄
(∆m221)
exp ∼ 7× 10−5 eV2 , (∆m232)exp ∼ 2.5× 10−3 eV2 , (11)
if the neutrino mass hierarhy m21 ≪ m22 ≪ m23 is realized. In fat, the seesaw spetrum
(7) and the onjeture (10) imply the (weighted) proportionality between mei and mi:
mei ∝ N2i mi . (12)
This gives
m2
m3
=
25
9
mµ
mτ
= 0.1652 , (13)
where the experimental values mµ = 105.658 MeV and mτ = 1776.99
+0.29
−0.26 MeV [4℄ are
used, while for the experimental estimates mexp2 ∼
√
7× 10−5 eV and mexp3 ∼
√
2.5× 10−3
eV [valid if m21 ≪ m22 ≪ m23 in Eqs. (11)℄ one obtains
mexp2
mexp3
∼
√
2.8× 10−2 = 0.17 (14)
(for mexp3 ∼
√
2× 10−3 eV this ratio is equal to 0.19). In another way, Eq. (13) predits
either
m3 ∼
√
2.6× 10−3 eV = 5.1× 10−2 eV (15)
with the input m2 = m
exp
2 ∼
√
7× 10−5 eV or
m2 ∼
√
6.8× 10−5 eV = 8.3× 10−3 eV (16)
with the input m3 = m
exp
3 ∼
√
2.5× 10−3 eV (for m3 = mexp3 ∼
√
2× 10−3 eV the seond
predition beomes m2 ∼
√
5.5× 10−5 eV = 7.4 × 10−3 eV). Note that m22 ≪ m23, in
onsisteny with the assumption of neutrino mass hierarhy.
From Eq. (12) we an also estimate m1. In fat, Eq. (12) gives
m1
m2
= 9
me
mµ
= 0.0435271 , (17)
3
where the experimental values me = 0.510999 MeV and mµ = 105.658 MeV [4℄ are used,
what leads to the predition
m1 ∼
√
1.3× 10−7 eV = 3.6× 10−4 eV , (18)
when the inputm2 = m
exp
2 ∼
√
7× 10−5 eV is applied. Notie that onsistently m21 ≪ m22.
So, m1 is O(10
2) times smaller than m3.
In onlusion, we an see that, in the framework of seesaw mehanism, our onjeture
(10) is onsistent with the present neutrino-osillation data.
The proportionality oeient for Eq. (12), all it ζ , an be determined diretly. E.g.
taking m2 = m
exp
2 ∼
√
7× 10−5 eV and mµ = 105.658 MeV we alulate
ζ =
mµ
9m2
∼ 1.4× 109 . (19)
With the proportionality oeient ζ , Eq. (12) gives
mei = ζN
2
i mi . (20)
Then, from Eqs. (7) and (20)
Mi =
m2ei
mi
= ζ2N4i mi = ζN
2
i mei . (21)
Thus, ζ is the proportionality oeient also for the onjeture (10). With Eq. (19), the
formula (21) implies the estimates
M1 ∼ 7.2× 105 GeV , M2 ∼ 1.3× 109 GeV , M3 ∼ 6.2× 1010 GeV . (22)
Hene, M1 : M2 : M3 = 1 : 1.9 × 103 : 8.7 × 104 and so, M1 is predited to be O(105)
times smaller than M3.
Some time ago we observed that the mass spetrum of harged leptons ei = e
−, µ−, τ−
an be expressed with high preision by the formula [5℄
mei = ρiµ
(
N2i +
ε− 1
N2i
)
, (23)
where
4
ρi =
1
29
,
4
29
,
24
29
(24)
(
∑
i ρi = 1), Ni = 1, 3, 5 as above, and µ > 0 and ε > 0 are onstants. Then, we get
expliitly
me =
µ
29
ε , mµ =
µ
29
4
9
(80 + ε) , , mτ =
µ
29
24
25
(624 + ε) . (25)
The interested reader may nd a disussion about theoretial bakground of the simple
formula (23) in Ref. [5℄ (in partiular, the numbers Ni and ρi (i = 1, 2, 3) are interpreted
there). With the experimental values me and mµ as an input, the formula (23) leads to
the predition
mτ =
6
125
(351mµ − 136me) = 1776.80 MeV (26)
and also determines
µ =
29(9mµ − 4me)
320
= 85.9924 MeV , ε =
320me
9mµ − 4me
= 0.172329 . (27)
We an see that the predition (26) lies really lose to the experimental value mexpτ =
1776.99+0.29−0.26 MeV.
Making use of the harged-lepton mass formula (23) we an rewrite Eqs. (20) and (21)
in the forms
mi = ρi
µ
ζ
(
1 +
ε− 1
N4i
)
, Mi = ρi µ ζN
4
i
(
1 +
ε− 1
N4i
)
, (28)
where all fators on the rhs are known. The rst and seond Eq. (28) gives the mass for-
mula for ative and heavy sterile (righthanded) neutrinos, respetively. With the estimate
(19) for ζ (determined by m2 ∼
√
7× 10−5 eV), we get from Eqs. (28) the estimations
(18) and (15) for m1 and m3 as well as the estimation (22) for M1, M2 and M3. Notie
that here the simple sum rule
ζN2i mi +
1
ζN2i
Mi = 2mei (29)
(i = 1, 2, 3) holds.
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